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Abstract.
In this paper we consider the Navier-Stokes Equations in R3 in the vorticity
formulation in the absence of the external forces. We first derive the upper
bounds on |ω| 6.02
3
(t) for t ∈ [t1, t2] in terms of maxt∈[t1,t2]|ω|2(t), then derive
the upper bounds on |∇¯ω¯|2(t) for t ∈ [t1, t2] in terms of maxt∈[t1,t2]|ω|2(t)
and |ω| 6.02
3
(t1); then derive the upper bound on |∇¯ω¯|3.01(t) for t ∈ [t1, t2] in
terms of maxt∈[t1,t2]|ω|2(t), |ω| 6.02
3
(t1) and |∇¯ω¯|2(t1); then we derive the up-
per bound on |ω|∞(t) for t ∈ [t1, t2] in terms of maxt∈[t1,t2]|ω|2(t), |ω| 6.02
3
(t1),
|∇¯ω¯|2(t1) and ∇¯ω¯|3.01(t1). These estimates are used to improve the estimate
on |ω|∞(t) and to show that |ω|∞(t) ≤ max(|ω|∞(t1), ee), provided that cer-
tain assumptions hold. Repeated use of Local Existence and Uniqueness
results together with the upper bounds on |ω|∞(t) gives the existence and
uniqueness of the solution if |ω|∞(0) <∞ or if |ω|4(0) <∞.
Introduction and statement of results.
The Navier-Stokes Equations for velocity can be written as
∂tu¯(x¯, t)− ν∆u¯(x¯, t) + (u¯(x¯, t) · ∇¯)u¯(x¯, t) + ∇¯p(x¯, t) = f(x¯, t), (1)
∇¯ · u¯(x¯, t) = 0, x¯ ∈ R3, t ∈ [0,∞).
We assume that f(x¯, t) = 0 and that lim|x¯|→∞|u¯(x¯, t)| = 0.
Introducing vorticity ω¯(x¯, t) = ∇¯×u¯(x¯, t) allows us to obtain the Navier-
Stokes Equations without the pressure term.
The Navier-Stokes Equations for vorticity can be written as
∂tω¯(x¯, t)− ν∆ω¯(x¯, t) = −(u¯(x¯, t) · ∇¯)ω¯(x¯, t) + (ω¯(x¯, t) · ∇¯)u¯(x¯, t). (2)
∇¯ · ω¯(x¯, t) = 0, x¯ ∈ R3, t ∈ [0,∞).
We assume that lim|x|→∞|ω¯(x¯, t)| = 0.
The question of existence and uniqueness of a strong solution of these
equations in 3 dimensions is a longstanding problem. The solution of this
problem is described in this paper.
1
The main result of the paper are the following Theorems:
Theorem 1: Suppose that |ω|2(t) < ∞ for t ∈ [t1, t2] and also that
|ω|∞(t1) < ∞ and |∇¯ω¯|3.01(t1) < ∞. Then |ω|∞(t) < ∞ for t ∈ [t1, t2] and
an upper bound (equation (43)) on |ω|∞(t) can be given as a function of t,
maxt∈[t1,t2]|ω|2(t), |ω|∞(t1) and |∇¯ω¯|3.01(t1).
Theorem 2: Suppose that |ω|2(t) <∞ for t ∈ [t1, t2] and that |ω|∞(t1) <
∞ and |∇¯ω¯|3.01(t1) < ∞. Suppose also that there exists n0 such that for
all n > n0, either |ω|n(t) ≥ ee for all t ∈ [t1, t2] or |ω|n(t) is a con-
tinuous function of t for all t ∈ [t1, t2]. Then for all sufficiently large n,
|ω|n(t) ≤ max(e 1nee
t2−t1 |ω|n(t1), ee) and |ω|∞(t) ≤ max(|ω|∞(t1), ee) for
t ∈ [t1, t2].
Theorem 3: Suppose that |ω|∞(0) < ∞. Then for any T > 0, there
exists a unique solution of the 3D Navier Stokes Equations ω¯(x¯, t) for x ∈ R3
and t ∈ [0, T ], such that |ω|∞(t) <∞ for t ∈ [0, T ].
Theorem 4: Suppose that |ω|4(0) < ∞. Then for any T > 0, there
exists a unique solution of the 3D Navier Stokes Equations ω¯(x¯, t) for x ∈ R3
and t ∈ [0, T ], such that |ω|∞(t) <∞ for t ∈ (0, T ].
Proof of Theorem 1.
Part 1: Take Navier Stokes equation for ω¯ and take the inner product
with ω¯(x) integrate over space and by parts on the viscosity term to obtain
1
2
∂t
∫
|ω¯(x¯)|2d3x+ ν
∫
|∇¯ω¯(x¯)|2d3x = 3
4π
∫
d3x
∫
d3y(ω¯(x¯) · yˆ)(ω¯(x¯)× ω¯(x¯+ y¯) · yˆ) 1|y|3 . (3)
The absolute value of the integral on the right hand side of (3) can be
estimated as∣∣∣∣
∫
d3x
∫
d3y(ω¯(x¯) · yˆ)(ω¯(x¯)× ω¯(x¯+ y¯) · yˆ) 1|y|3
∣∣∣∣ ≤ (4)
≤
∣∣∣∣∣
∫
d3x
∫
|y|<1
(ω¯(x¯) · yˆ)(ω¯(x¯)× (ω¯(x¯+ y¯)− ω¯(x¯)) · yˆ)d
3y
|y|3
∣∣∣∣∣+
+
∣∣∣∣∣
∫
d3x
∫
|y|≥1
(ω¯(x¯) · yˆ)(ω¯(x¯)× ω¯(x¯+ y¯) · yˆ)d
3y
|y|3
∣∣∣∣∣
≤ 3
√
6
∫ 1
0
ds
∫
d3x
∫
|y|<1
|ω¯(x¯)|2|∇¯ω¯(x¯+ sy¯)|d
3y
|y|2
+3
√
2
∫
d3x|ω¯(x¯)|2
∫
|y|≥1
|ω¯(x¯+ y¯)|
|y|3 d
3y
2
≤ 3
√
6
∫ 1
0
ds
∫
d3x′|∇¯ω¯(x¯′)|
∫
|y|<1
d3y
|ω¯(x¯′ − sy¯)|2
|y|2 +
+3
√
2
∫
d3x|ω¯(x¯)|2
∫
|y|≥1
d3y
|ω¯(x¯+ y¯)|
|y|3
≤ 3
√
6
∫ 1
0
ds
√∫
d3x′|∇¯ω¯(x¯′)|2 ×
√∫
d3x′
∫
|y|<1
|ω¯(x¯′ − sy¯)|2
|y|2 d
3y
∫
|z|<1
|ω¯(x¯′ − sz¯)|2
|z|2 d
3z +
√
24π
∫
d3x|ω¯(x¯)|2(
∫
d3y|ω¯(y¯)|2) 12
≤ 3
√
6
∫ 1
0
ds
√∫
d3x|∇¯ω¯(x¯)|2
√∫
d3x′
∫
|y|≤1
|ω¯(x¯′ − sy¯)|2
|y|3−ǫ d
3y
∫
|z|≤1
|ω¯(x¯′ − sz¯)|2
|z|1+ǫ d
3z +
+
√
24π|ω|22|ω|2
≤ 3
√
6
∫ 1
0
ds
√∫
d3x|∇¯ω¯(x¯)|2
√∫
d3x|ω¯(x¯)|2
∫
|y|≤1
d3y
|y|3−ǫ
∫
|z|≤1
|ω¯(x¯+ sy¯ − sz¯)|2
|z|1+ǫ d
3z +
+
√
24π|ω|22|ω|2
≤ 3
√
6
∫ 1
0
ds
s1−
ǫ
2
√∫
d3x|∇¯ω¯(x¯)|2
√∫
d3x|ω¯(x¯)|2
∫
|y|≤1
d3y
|y|3−ǫ
∫
|z′|≤1
|ω¯(x¯+ sy¯ − z¯′)|2
|z′|1+ǫ d
3z′ +
+
√
24π|ω|22|ω|2
≤ 3
√
6
∫ 1
0
ds
s1−
ǫ
2
√∫
d3x|∇¯ω¯(x¯)|2
√∫
d3x|ω¯(x¯)|2
∫
|y|≤1
d3y
|y|3−ǫ (
∫
d3z′|ω¯(x¯− z¯′ + sy¯)| 2(3−3ǫ)2−3ǫ ) 2−3ǫ3−3ǫ (
∫
|z′|<1
d3z′
|z′|3(1−ǫ2) )
1
3(1−ǫ) +
+
√
24π|ω|22|ω|2
≤ 3
√
6(
4π
ǫ
)
1
2 (
4π
3ǫ2
)
1
6(1−ǫ)
∫ 1
0
ds
s1−
ǫ
2
√∫
d3x|∇¯ω¯(x¯)|2
√∫
d3x|ω¯(x¯)|2(
∫
d3z|ω¯(z¯)| 2(3−3ǫ)2−3ǫ ) 2−3ǫ3−3ǫ
+
√
24π|ω|22|ω|2
≤ 6
√
6
ǫ
(
4π
ǫ
)
1
2 (
4π
3ǫ2
)
1
6(1−ǫ) (
∫
|∇¯ω¯(x¯)|2d3x) 3−2ǫ4(1−ǫ) (
∫
|ω¯(x¯)|2d3x) 3−4ǫ4−4ǫ +
√
24π|ω|22|ω|2
≤ 1− 2ǫ
4− 4ǫ(
6
√
6
ǫ
)
4−4ǫ
1−2ǫ (
4π
ǫ
)
2−2ǫ
1−2ǫ (
4π
3ǫ2
)
2
3(1−2ǫ) (
20.33
ν
)
3−2ǫ
1−2ǫ (
∫
d3x|ω¯(x¯)|2) 3−4ǫ1−2ǫ +
+
ν
20.33
∫
d3x|∇¯ω¯(x¯)|2 +
√
24π|ω|22|ω|2.
Notice that in the above estimate ǫ is arbitrarily small. Using this estimate
3
and introducing ε such that
ε =
2ǫ
1− 2ǫ
we obtain the following inequality from (3)
1
2
∂t
∫
|ω¯(x¯)|2d3x+ ν(1− 1
20.33
)
∫
|∇¯ω¯(x¯)|2d3x ≤
≤ 3
4π
(
0.331 · 66 · (4π) 83
ε
22
3
+ 13
3
εν3+2ε
(
∫
|ω¯(x¯)|2d3x)3+ε +
√
24π|ω|32
)
. (5)
Note that ε can be chosen arbitrarily small. Below we assume that ε = 1100 .
Since
∫ |ω¯(x¯)|2d3x < ∞ for t ∈ [t1, t2], there exists N > 0 such that∫ |ω¯(x¯)|2d3x(t) ≤ N for t ∈ [t1, t2]. Denote
C(t1, t2) =
∫ t2
t1
dt
∫
|ω¯(x¯)|2d3x,C(t) =
∫ t
0
ds
∫
|ω¯(x¯)|2d3x(s).
Then we obtain
1
2
∫
|ω¯(x¯)|2d3x(t2)− 1
2
∫
|ω¯(x¯)|2d3x(t1) + ν(1− 1
20.33
)
∫ t2
t1
dt
∫
|∇¯ω¯(x¯)|2d3x
≤ 2.74 · 10
6
ε
22
3
+ 13
3
εν3+2ε
N2+εC(t1, t2) + 2.1N
1
2C(t1, t2) ≤ 2.35 · 10
21
ν3.02
N2+εC(t1, t2) + 2.1N
1
2C(t1, t2).
Therefore∫ t2
t1
dt
∫
d3x|∇¯ω¯(x¯)|2 ≤ 1.075 · 10
22
ν4+2ε
N2+εC(t1, t2) +
9.6
ν
N
1
2C(t1, t2) +
4.57
ν
N. (6)
Part 2: Take the inner product of the Navier-Stokes equation for ω¯(x¯)
with |ω(x¯)| 23 εω¯(x¯), integrate over space and integrate the viscosity term by
parts to obtain
1
2 + 23ε
∂t
∫
|ω|2+ 23 ε(x¯)d3x+ ν
∫
∇¯(|ω| 23 ε(x¯)ω¯(x¯))(∇¯ω¯(x¯))d3x (7)
=
3
4π
∫ ∫
(|ω| 23ε(x¯)ω¯(x¯) · yˆ)(ω¯(x¯)× ω¯(x¯+ y¯) · yˆ)d
3xd3y
|y|3 .
The absolute value of the integral on the right hand side of (7) can be
estimated from above as∣∣∣∣∣
∫ ∫
(|ω| 23ε(x¯)ω¯(x¯) · yˆ)(ω¯(x¯)× ω¯(x¯+ y¯) · yˆ)d
3xd3y
|y|3
∣∣∣∣∣ ≤ (8)
4
≤
∣∣∣∣∣
∫ ∫
|y|<1
(|ω| 23ε(x¯)ω¯(x¯) · yˆ)(ω¯(x¯)× (ω¯(x¯+ y¯)− ω¯(x¯)) · yˆ)d
3xd3y
|y|3
∣∣∣∣∣+
+
∣∣∣∣∣
∫ ∫
|y|≥1
(|ω| 23ε(x¯)ω¯(x¯) · yˆ)(ω¯(x¯)× ω¯(x¯+ y¯) · yˆ)d
3xd3y
|y|3
∣∣∣∣∣ ≤
≤ 3
√
6
∫ 1
0
ds
∫
d3x|ω|2+ 23 ε(x¯)
∫
|y|<1
|∇¯ω¯(x¯+ sy¯)|
|y|2 d
3y +
+3
√
2
∫ ∫
|y|≥1
|ω|2+ 23ε(x¯)|ω|(x¯+ y¯)d
3xd3y
|y|3 ≤
≤ 3
√
6
∫ 1
0
ds
∫
d3x′|∇¯ω¯(x¯′)|
∫
|y|<1
|ω|2+ 23ε(x¯′ − sy¯)
|y|2 d
3y +
+3
√
2
∫
|ω|2+ 23ε(x¯)d3x
∫
|y|≥1
|ω¯(x¯+ y¯)|
|y|3 d
3y ≤
≤ 3
√
6
∫ 1
0
ds
√√√√∫
d3x′
∫
|y|<1
|ω|2+ 23 ε(x¯′ − sy¯)
|y|2 d
3y
∫
|z|<1
|ω|2+ 23 ε(x¯′ − sz¯)
|z|2 d
3z|∇¯ω¯|2
+
√
24π|ω|2+
2
3
ε
2+ 2
3
ε
|ω|2
≤ 3
√
6
∫ 1
0
ds
√√√√∫ d3x′ ∫
|y|≤1
|ω|2+ 23 ε(x¯′ − sy¯)
|y|3−ε d
3y
∫
|z|≤1
|ω|2+ 23 ε(x¯′ − sz¯)
|z|1+ε d
3z
√∫
|∇¯ω¯(x¯)|2d3x
+
√
24π|ω|2+
2
3
ε
2+ 2
3
ε
|ω|2
≤ 3
√
6
∫ 1
0
ds
√√√√∫ |ω|2+ 23ε(x¯′′)d3x′′ ∫
|y|≤1
d3y
|y|3−ε
∫
|z|≤1
|ω|2+ 23ε(x¯′′ − s(z¯ − y¯))
|z|1+ε d
3z |∇¯ω¯|2
+
√
24π|ω|2+
2
3
ε
2+ 2
3
ε
|ω|2 ≤
≤ 3
√
6
∫ 1
0
ds
√√√√∫ d3x′′|ω|2+ 23 ε(x′′) ∫
|y|≤1
d3y
|y|3−ε
∫
|z′|≤s
|ω|2+ 23ε(x′′ + sy − z′)
|z′|1+ε
d3z′
s2−ε
|∇¯ω¯|2
+
√
24π|ω|2+
2
3
ε
2+ 2
3
ε
|ω|2 ≤
≤ 3
√
6
∫ 1
0
ds
s1−
ε
2
√√√√∫
d3x|ω|2+ 23ε(x¯)
∫
|y|≤1
d3y
|y|3−ε
∫
|z′|≤1
|ω|2+ 23ε(x+ sy − z′)
|z′|1+ε d
3z′|∇¯ω¯|2 +
+
√
24π|ω|2+
2
3
ε
2+ 2
3
ε
|ω|2 ≤
5
≤ 3
√
6(
4π
3ε2
)
1
6(1−ε)
∫ 1
0
ds
s1−
ε
2
√∫
d3x|ω|2+ 23ε(x¯)
∫
|y|≤1
d3y
|y|3−ε (
∫
|ω|(2+ 23 ε) 3−3ε2−3ε (x+ sy − z′)d3z′) 2−3ε3−3ε |∇¯ω¯|2
+
√
24π|ω|2+
2
3
ε
2+ 2
3
ε
|ω|2
≤ 3
√
6(
4π
ε
)
1
2 (
4π
3ε2
)
1
6(1−ε) |∇¯ω¯|2
∫ 1
0
ds
s1−
ε
2
√√√√
(
∫
|ω¯(x¯)|2+ 23εd3x)
1+
(1− 7
3
ε+ ε
2
3
)(1− 3
2
ε)
2(1− 53 ε+
ε2
4 )(1−ε) (
∫
|∇¯ω¯(x¯)|2d3x)
(1+ ε
3
)(1− 3
2
ε)
2(1− 53 ε+
ε2
4 )(1−ε) +
+
√
24π|ω|2+
2
3
ε
2+ 2
3
ε
|ω|2
≤ 6
√
6
ε
(
4π
ε
)
1
2 (
4π
3ε2
)
1
6(1−ε) (
∫
|ω|2+ 23ε(x¯)d3x)
1
2
+
(1− 73 ε+
ε
2
3 )(1−
3
2 ε)
4(1− 5
3
ε+ ε
2
4
)(1−ε) (
∫
|∇¯ω¯(x¯)|2d3x)
1
2
+
(1+ ε3 )(1−
3
2 ε)
4(1− 5
3
ε+ ε
2
4
)(1−ε)
+
√
24π|ω|2+
2
3
ε
2+ 2
3
ε
|ω|2
≤ 3.0618 · 105
(∫
|∇¯ω¯(x¯)|2d3x+ 1
)(∫
|ω¯(x¯)|2+ 23 εd3x
)α
+
√
24π|ω|2+
2
3
ε
2+ 2
3
ε
|ω|2,
where α = 12 +
1
4
(1− 7
3
ε+ ε
2
3
)(1− 3
2
ε)
(1− 5
3
ε+ ε
2
4
)(1−ε)
≈ 0.747. Putting the estimates together we
obtain
1
2 + 23ε
∂t
∫
|ω¯(x¯)|2+ 23εd3x+ ν
∫
∇¯(|ω¯(x¯)| 23εω¯(x¯))(∇¯ω¯(x¯))d3x ≤ (9)
≤ 3
4π
3.0618 · 105
(∫
|ω¯(x¯)|2+ 23εd3x
)α (∫
|∇¯ω¯(x¯)|2d3x+ 1
)
+
3
√
24π
4π
|ω|2+
2
3
ε
2+ 2
3
ε
N
1
2
≤ 0.7305 · 105
(∫
|ω|2+ 23εd3x
)α (∫
|∇¯ω¯(x¯)|2d3x+ 1
)
+ 2.1|ω|2+
2
3
ε
2+ 2
3
ε
N
1
2 .
Since we can rewrite the viscosity term as shown in the (10) we obtain that
the viscosity term is positive definite
∫
∇¯(|ω| 23ε(x¯)ω¯(x¯))(∇¯ω¯)d3x =
2
3ε
(1 + ε3)
2
∫
(∇¯|ω|1+ ε3 (x¯))2d3x+
∫
|ω| 23ε(x¯)(∇¯ω¯(x¯))2d3x (10)
From (9) we obtain∫
|ω¯(x¯)|2+ 23εd3x(t2) ≤ (11)
6
≤ e4.22 N
1
2 (t2−t1)
(
0.371 · 105
∫ t2
t1
dt
(∫
|∇¯ω¯|2(x¯)d3x+ 1
)
+
(∫
|ω¯(x¯)|2+ 23 εd3x(t1)
)1−α) 11−α
≤ e4.22N
1
2 (t2−t1)(
3.99 · 1026
ν4+2ε
N2+εC(t1, t2) +
3.562 · 105
ν
N
1
2C(t1, t2) + 1.7 · 105N
ν
+ 0.371 · 105(t2 − t1) +
+1 + |ω|(1−α)(2+
2
3
ε)
2+ 2
3
ε
(t1)
) 1
1−α
Therefore we obtain that
ν
∫ t2
t1
dt
∫
∇¯(|ω¯(x¯)| 23 εω¯(x¯))(∇¯ω¯(x¯))d3x ≤ (12)
≤ 0.7305 · 105maxt∈[t1,t2]
(∫
|ω¯(x¯)|2+ 23 εd3x(t)
)α ∫ t2
t1
dt
(∫
|∇¯ω¯(x¯)|2d3x+ 1
)
+
+
1
2 + 23ε
(∫
|ω¯(x¯)|2+ 23 εd3x(t1) +
∫
|ω¯(x¯)|2+ 23 εd3x(t2)
)
+
+2.1maxt∈[t1,t2]
∫
|ω¯(x¯)|2+ 23εd3xN 12 (t2 − t1)
≤ 1.97e4.22N
1
2 (t2−t1) ·
(
1 +
3.99 · 1026
ν4+2ε
N2+εC(t1, t2) +
3.562 · 105
ν
N
1
2C(t1, t2)+
+1.7 · 105N
ν
+ 0.371 · 105(t2 − t1) + 1.066N
1
2 (t2 − t1) + |ω|(1−α)(2+
2
3
ε)
2+ 2
3
ε
(t1)
)5
Therefore
2
3ε
(1 + ε3)
2
∫ t2
t1
dt
∫
(∇¯|ω¯(x¯)|1+ ε3 )2d3x+
∫ t2
t1
dt
∫
|ω¯(x¯)| 23 ε(∇¯ω¯(x¯))2d3x ≤ (13)
≤ 1.97
ν
e4.22N
1
2 (t2−t1) ·
(
1 +
3.99 · 1026
ν4+2ε
N2+εC(t1, t2) +
3.562 · 105
ν
N
1
2C(t1, t2)+
+1.7 · 105N
ν
+ 0.371 · 105(t2 − t1) + 1.066N
1
2 (t2 − t1) + |ω|(1−α)(2+
2
3
ε)
2+ 2
3
ε
)5
.
Part 3: Differentiate with respect to x the Navier-Stokes equation for
ω¯.
∂t∂xω¯(x¯)− ν∂x∆ω¯(x¯) = ∂x
(
(ω¯(x¯) · ∇¯)u¯(x¯))− ∂x ((u¯(x¯) · ∇¯)ω¯(x¯)) . (14)
Take inner product with ∂xω¯
1
2
∂t(∂xω¯(x¯))
2 − ν∂xω¯(x¯) · ∂x∆ω¯(x¯) = ∂xω¯(x¯) · ∂x
(
(ω¯(x¯) · ∇¯)u¯(x¯))− ∂xω¯(x¯) · ∂x ((u¯(x¯) · ∇¯)ω¯(x¯))
7
Integrate over space and by parts.
1
2
∂t
∫
(∂xω¯(x¯))
2d3x+ ν
∫
(∂xxω¯(x¯))
2d3x+ ν
∫
(∂xyω¯(x¯))
2d3x+ ν
∫
(∂xzω¯(x¯))
2d3x =
= −
∫
∂xxω¯(x¯) · (ω¯(x¯) · ∇¯)u¯(x¯)d3x+
∫
∂xxω¯ · (u¯(x¯) · ∇¯)ω¯(x¯)d3x. (15)
Add the equations obtained similarly but with differentiation with respect
to y or z instead of x.
1
2
∂t
∫
(∂yω¯(x¯))
2d3x+ ν
∫
(∂yyω¯(x¯))
2d3x+ ν
∫
(∂xyω¯(x¯))
2d3x+ ν
∫
(∂yzω¯(x¯))
2d3x =
= −
∫
∂yyω¯(x¯) · (ω¯(x¯) · ∇¯)u¯(x¯)d3x+
∫
∂yyω¯(x¯) · (u¯(x¯) · ∇¯)ω¯(x¯)d3x. (16)
and
1
2
∂t
∫
(∂zω¯(x¯))
2d3x+ ν
∫
(∂zzω¯(x¯))
2d3x+ ν
∫
(∂xzω¯(x¯))
2d3x+ ν
∫
(∂yzω¯(x¯))
2d3x =
= −
∫
∂zzω¯(x¯) · (ω¯(x¯) · ∇¯)u¯(x¯)d3x+
∫
∂zzω¯(x¯) · (u¯(x¯) · ∇¯)ω¯(x¯)d3x. (17)
to get
1
2
∂t
∫
|∇ω|2(x¯)d3x+ ν
∫
|∇¯∇¯ω|2(x¯)d3x = (18)
= −
∫
∆ω¯(x¯) · (ω¯(x¯) · ∇¯)u¯(x¯)d3x+
∫
∆ω¯(x¯) · (u¯(x¯) · ∇¯)ω¯(x¯)d3x.
Plugging the expression for u¯ in terms of ω¯
u¯(x¯) =
1
4π
∫
ω¯(y¯)× (x¯− y¯)
|x− y|3 d
3y =
1
4π
∫
ω¯(x¯+ y¯)× yˆ
|y|2 d
3y
on the right hand side, we obtain
1
2
∂t
∫
|∇¯ω¯(x¯)|2d3x+ ν
∫
|∇¯∇¯ω¯(x¯)|2d3x = − 1
4π
∫ ∫
∆ω¯(x¯) · (ω¯(x¯) · ∇¯) ω¯(x¯+ y¯)× yˆ|y|2 d
3xd3y
+
1
4π
∫ ∫
∆ω¯(x¯) · ((ω¯(x¯+ y¯)× yˆ) · ∇¯)ω¯(x¯)|y|2 d
3xd3y. (19)
We can rewrite the right hand side of (19) as
− 1
4π
∫ ∫
|y|≤1
∆ω¯(x¯) · (ω¯(x¯) · ∇¯) ω¯(x¯+ y¯)× yˆ|y|2 d
3xd3y − (20)
8
− 1
4π
∫ ∫
|y|>1
∆ω¯(x¯) · (ω¯(x¯) · ∇¯) ω¯(x¯+ y¯)× yˆ|y|2 d
3xd3y +
+
1
4π
∫ ∫
|y|≤1
∆ω¯(x¯) · ((ω¯(x¯+ y¯)× yˆ) · ∇¯)ω¯(x¯)|y|2 d
3xd3y +
+
1
4π
∫ ∫
|y|>1
∆ω¯(x¯) · ((ω¯(x¯+ y¯)× yˆ) · ∇¯)ω¯(x¯)|y|2 d
3xd3y.
The absolute value of the integrals over |y| ≤ 1 can be estimated from above
by
3
2π
∫ ∫
|y|≤1
|∆ω¯(x¯)||ω¯(x¯)| |∇¯ω¯(x¯+ y¯)||y|2 d
3xd3y +
3
2π
∫ ∫
|y|≤1
|∆ω¯(x¯)||ω¯(x¯+ y¯)| |∇¯ω¯(x¯)||y|2 d
3xd3y
=
3
2π
∫ ∫
|y|≤1
|∆ω¯(x¯− y¯)||ω¯(x¯− y¯)| |∇¯ω¯(x¯)||y|2 d
3xd3y
+
3
2π
∫ ∫
|y|≤1
|∆ω¯(x¯)||ω¯(x¯+ y¯)| |∇¯ω¯(x¯)||y|2 d
3xd3y
=
3
2π
∫
|y|≤1
d3y
|y|2
∫
|∆ω¯(x¯− y¯)||ω¯(x¯− y¯)||∇¯ω¯(x¯)|d3x+
+
3
2π
∫
|∆ω¯(x¯)||∇¯ω¯(x¯)|
∫
|y|≤1
|ω¯(x¯+ y¯)|
|y|2 d
3y
≤ 3
4π
∫
|y|≤1
d3y
|y|2
∫
(
ν
5
|∆ω¯(x¯− y¯)|2 + 5
ν
|ω¯(x¯− y¯)|2|∇¯ω¯(x¯)|2)d3x+
+
3
4π
∫
(
ν
5
|∆ω¯(x¯)|2 + 5
ν
|∇¯ω¯(x¯)|2
∫
|y|≤1
|ω¯(x¯+ y¯)|
|y|2 d
3y
∫
|z|≤1
|ω¯(x¯+ z¯)|
|z|2 d
3z)d3x
=
3
4π
ν
5
∫
|∆ω¯(x¯)|2(1 +
∫
|y|≤1
d3y
|y|2 ) +
3
4π
5
ν
∫
|∇¯ω¯(x¯)|2d3x
∫
|y|≤1
|ω¯(x¯+ y¯)|2
|y|2 d
3y(
∫
d3z
|z|2 + 1)
≤ 3
4π
ν
5
∫
|∆ω¯(x¯)|2d3x(1 +
∫
|y|≤1
d3y
|y|2 ) +
+
3
4π
5
ν
∫
|∇¯ω¯(x¯)|2d3x(
∫
|ω|6+2ε(x¯)d3x) 13+ε (4π + 1)(4π) 2+ε3+ε (2 + ε
ε
)
2+ε
3+ε
≤ 3(1 + 4π)
4π
ν
5
∫
|∆ω(x¯)|2d3x+ 30
νε
(4π + 1)
∫
|∇¯ω¯(x¯)|2d3x(
∫
|∇¯|ω¯|1+ ε3 (x¯)|2d3x) 33+ε .
The absolute value of the integral over |y| > 1 is bounded by
1
4π
∫ ∫
|y|>1
∣∣∣∣∆ω¯(x¯) · (ω¯(x¯) · ∇¯) ω¯(x¯+ y¯)× yˆ|y|2
∣∣∣∣ d3xd3y + (21)
+
1
4π
∫ ∫
|y|>1
∣∣∣∣∣∆ω¯(x¯) · ((ω¯(x¯+ y¯)× yˆ) · ∇¯)ω¯(x¯)|y|2
∣∣∣∣∣ d3xd3y
9
≤ 3
2π
∫ ∫
|y|>1
|∆ω¯(x¯)||ω¯(x¯)||∇¯ω¯(x¯+ y¯)|d3xd
3y
|y|2 +
+
3
2π
∫
|∆ω¯(x¯)||∇¯ω¯(x¯)|
∫
|y|≥1
|ω¯(x¯+ y¯)|
|y|2 d
3yd3x
≤ 3
4π
ν
5
∫
|∆ω¯(x¯)|2d3x+ 15
ν
∫
|ω|2(x¯)d3x(
∫
|∇¯ω¯|2(x¯+ y¯)d3y) +
+
3
4π
ν
5
∫
|∆ω¯(x¯)|2d3x+ 15
ν
∫
|∇¯ω¯(x¯)|2(
∫
|ω¯(x¯+ y¯)|2d3y)d3x.
Therefore we obtain from (19) that
1
2
∂t
∫
|∇¯ω¯(x¯)|2d3x+ (8π − 9)ν
20π
∫
|∇¯∇¯ω¯(x¯)|2d3x ≤ (22)
≤ 30(4π + 1)
εν
∫
|∇¯ω¯(x¯)|2d3x(
∫
(∇¯|ω¯(x¯)|1+ ε3 )2d3x) 33+ε + 30
ν
∫
|∇¯ω¯(x¯)|2d3x
∫
|ω¯(x¯)|2d3x.
We derive that
∂tln
∫
|∇¯ω¯(x¯)|2d3x ≤ 816
εν
(
∫
|∇¯|ω¯(x¯)|1+ ε3 |2d3x+ 1) + 60
ν
∫
|ω¯(x¯)|2d3x. (23)
Therefore
ln
∫
|∇¯ω¯(x¯)|2d3x(t2)− ln
∫
|∇¯ω¯(x¯)|2d3x(t1) ≤
≤ 8.16 · 10
4
ν
(∫ t2
t1
dt
∫
|∇¯|ω¯(x¯)|1+ ε3 |2d3x(t) + (t2 − t1)
)
+
60
ν
C(t1, t2)
≤ 8.16 · 10
4
ν
(t2 − t1) + 60
ν
C(t1, t2) +
2.432 · 107
ν2
e4.22N
1
2 (t2−t1) × (24)(
1 +
3.99 · 1026
ν4.02
N2.01C(t1, t2) +
3.562 · 105
ν
N
1
2C(t1, t2) + 1.7 · 105N
ν
+ 0.371 · 105(t2 − t1)
+1.066N
1
2 (t2 − t1) + |ω¯|(2+
2
3
ε)(1−α)
2+ 2
3
ε
)5
This implies
∫
|∇¯ω¯(x¯)|2d3x(t2) ≤
∫
|∇¯ω¯(x¯)|2d3x(t1)exp
(
8.16 · 104
ν
(t2 − t1) + 60
ν
C(t1, t2)+ (25)
+
2.432 · 107
ν2
e4.22N
1
2 (t2−t1)
(
1 +
3.99 · 1026
ν4.02
N2.01C(t1, t2) +
3.562 · 105
ν
N
1
2C(t1, t2)+
+1.7 · 105N
ν
+ 0.371 · 105(t2 − t1) + 1.066N
1
2 (t2 − t1) + |ω|(2+
2
3
ε)(1−α)
2+ 2
3
ε
(t1)
)5)
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We obtain∫ t2
t1
dt
∫
|∇¯∇¯ω¯(x¯)|2d3x ≤ 8.16 π 10
5
(8π − 9)ν2
∫ t2
t1
dt(
∫
|∇¯ω¯(x¯)|2d3x)(
∫
(∇¯|ω¯(x¯)|1+ ε3 )2d3x) 33+ε
+
10π
(8π − 9)ν
∫
|∇¯ω¯(x¯)|2d3x(t1) + 10π
(8π − 9)ν
∫
|∇¯ω¯(x¯)|2d3x(t1) +
+
6 · 102π
(8π − 9)ν
∫ t2
t1
dt
∫
|∇¯ω¯(x¯)|2d3x
∫
|ω¯(x¯)|2d3x
≤ 1.945
ν
∫
|∇¯ω¯(x¯)|2d3x(t1) exp
(
1.632 · 105(t2 − t1)
ν
+ 120
C(t1, t2)
ν
+
+
4.864 · 107
ν2
e4.22N
1
2 (t2−t1) ·
(
1 +
3.99 · 1026
ν4.02
N2+εC(t1, t2) +
3.562 · 105
ν
N
1
2C(t1, t2)+
+1.7 · 105N
ν
+ 0.371 · 105(t2 − t1) + 1.066N
1
2 (t2 − t1) + |ω|(2+
2
3
ε)(1−α)
2+ 2
3
ε
(t1)
)5)
.
Part 4: Now we are going to estimate
∫ |∇¯ω¯|3+ε(x¯)d3x.
Taking the gradient of the Navier-Stokes equation for ω and then taking
the scalar product with ∇¯ω¯ we obtain
1
2
∂t(∇¯ω¯)2 − ν
∑
i
∂iω¯(x¯) · ∂i(∆ω¯(x¯)) =
∑
i
∂iω¯(x¯) · ∂i
(
(ω¯(x¯) · ∇¯)u¯(x¯))− (26)
−
∑
i
∂iω¯(x¯) · ∂i
(
(u¯(x¯) · ∇¯)ω¯(x¯)) .
Multiplying (26) by |∇¯ω¯|1+ε and integrating we obtain
1
3 + ε
∂t
∫
|∇¯ω¯(x¯)|3+εd3x− ν
∫
|∇¯ω¯|1+ε(x¯)
∑
i
∂iω¯(x¯) · ∂i(∆ω¯(x¯))d3x (27)
=
∫
|∇¯ω¯(x¯)|1+ε
∑
i
∂iω¯(x¯) · ∂i
(
(ω¯(x¯) · ∇¯)
∫
ω¯(x¯+ y¯)× yˆ
|y|2
)
d3yd3x−
−
∫
|∇¯ω¯(x¯)|1+ε
∑
i
∂iω¯(x¯) · ∂i
(
(
∫
ω¯(x¯+ y¯)× yˆ
|y|2 d
3y · ∇¯)ω¯(x¯)
)
d3x.
The viscosity term in (27) can be rewritten as
−ν
∫
d3x|∇¯ω¯(x¯)|1+ε
∑
i
∂iω¯(x¯) · ∂i(
∑
j
∂j∂j ω¯(x¯)) = (28)
= ν
∫
d3x|∇¯ω¯(x¯)|1+ε
∑
i
∑
j
(∂i∂jω¯(x¯))
2 + ν
∫
d3x
1 + ε
|∇¯ω¯(x¯)|1−ε
∑
j
(
∑
i
∂iω¯(x¯) · ∂i∂j ω¯(x¯))2.
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Therefore the viscosity term in the equation (27) is positive definite.
The absolute value of the right hand side of (27) can be rewritten as∣∣∣∣∣∣
∑
i,j,k
∫ ∫
d3xd3y|∇¯ω¯(x¯)|1+ε∂iωk(x¯)∂iωj(x¯) ∂j(ω¯(x¯+ y¯)× yˆ)k|y|2 + (29)
+
∑
i,j,k
∫ ∫
d3xd3y|∇¯ω¯(x¯)|1+ε∂iωk(x¯)ωj(x¯)∂i∂j(ω¯(x¯+ y¯)× yˆ)k|y|2 −
−
∑
i,j,k
∫ ∫
d3xd3y|∇¯ω¯(x¯)|1+ε∂iωk(x¯)∂i(ω¯(x¯+ y¯)× yˆ)j|y|2 ∂jωk(x¯) −
−
∑
i,j,k
∫ ∫
d3xd3y|∇¯ω¯(x¯)|1+ε∂iωk(x¯)(ω¯(x¯+ y¯)× yˆ)j|y|2 ∂i∂jωk(x¯)
∣∣∣∣∣∣ ≤
≤ 12
√
3
∫ ∫
d3xd3y|∇¯ω¯(x¯)|3+ε |∇¯ω¯(x¯+ y¯)||y|2 +
+6
√
3
∫
d3x
∫
|y|≤1
d3y|∇¯ω¯(x¯)|2+ε|ω¯(x¯)| |∇¯∇¯ω¯(x¯+ y¯)||y|2 +
+6
√
3
∫
d3x
∫
|y|>1
d3y|∇¯ω¯(x¯)|2+ε|ω¯(x¯)| |∇¯∇¯ω¯(x¯+ y¯)||y|2 +
+6
√
3
∫ ∫
|y|≤1
d3xd3y|∇¯ω¯|2+ε(x¯)|ω¯(x¯+ y¯)| |∇¯∇¯ω¯(x¯)||y|2 +
+6
√
3
∫ ∫
|y|>1
d3xd3y|∇¯ω¯(x¯)|2+ε|ω¯(x¯+ y¯)| |∇¯∇¯ω¯(x¯)||y|2 .
The first integral on the right hand side of (29) can be estimated as
∫ ∫
|y|≤1
d3xd3y|∇¯ω¯(x¯)|3+ε |∇¯ω¯(x¯+ y¯)||y|2 +
∫ ∫
|y|>1
d3xd3y|∇¯ω¯(x¯)|3+ε |∇¯ω¯(x¯+ y¯)||y|2 (30)
≤
∫
d3x|∇¯ω¯(x¯)|3+ε(
∫
|∇¯ω¯(x¯+ y¯)|6d3y) 16 (20π
3
)
5
6 +
∫
d3x|∇¯ω¯(x¯)|3+ε
∫
d3y
|∇¯ω¯(x¯+ y¯)|
|y|2
≤ 20π
3
∫
d3x|∇¯ω¯(x¯)|3+ε(
∫
d3y|∇¯|∇¯ω¯(x¯+ y¯)||2) 12 +
∫
d3x|∇¯ω¯(x¯)|3+ε
∫
d3y
|∇¯ω¯(x¯+ y¯)|
|y|2 ≤
≤ 20π√
3
∫
d3x|∇¯ω¯(x¯)|3+ε(
∫
d3y|∇¯∇¯ω¯(y¯)|2) 12 +
√
4π
∫
d3x|∇¯ω¯(x¯)|3+ε(
∫
d3y|∇¯ω¯(x¯+ y¯)|2) 12 ≤
≤ 20π√
3
∫
d3x|∇¯ω¯|3+ε(
∫
d3y|∇¯∇¯ω¯|2 + 1) +
√
4π
∫
d3x|∇¯ω¯(x¯)|3+ε(
∫
d3y|∇¯ω¯(y¯)|2 + 1).
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The second integral on the right hand side of (29) can be evaluated as
∫
d3x
∫
|y|≤1
d3y|∇¯ω¯(x¯)|2+ε|ω¯(x¯)| |∇¯∇¯ω¯(x¯+ y¯)||y|2 (31)
=
∫
d3x
∫
|y|≤1
d3y|∇¯ω¯(x¯− y¯)|2+ε|ω¯(x¯− y¯)| |∇¯∇¯ω¯(x¯)||y|2 ≤
√∫
|∇¯∇¯ω¯(x¯)|2d3x×
×
√∫
d3x
∫
|y|≤1
d3y
|∇¯ω¯(x¯− y¯)|2+ε|ω¯(x¯− y¯)|
|y|2
∫
|z|≤1
d3z
|∇¯ω¯(x¯− z¯)|2+ε|ω¯(x¯− z¯)|
|z|2
≤
√∫
|∇¯∇¯ω¯(x¯)|2d3x×
×
√∫
d3x
∫
|y|≤1
d3y
|∇¯ω¯(x¯− y¯)|2+ε|ω¯(x¯− y¯)|
|y|3− ε2
∫
|z|≤1
d3z
|∇¯ω¯(x¯− z¯)|2+ε|ω¯(x¯− z¯)|
|z|1+ ε2
≤
√∫
|∇¯∇¯ω¯(x¯)|2d3x(
∫
d3z
|z|3(1− ε24 )
)
1
6(1− ε2 ) ×
√√√√√√√∫ d3x′|∇¯ω¯|2+ε|ω¯(x¯′)| ∫
|y|≤1
d3y
|y|3− ε2

∫ d3z|∇¯ω¯(x¯′ + y¯ − z¯)| 3(1−
ε2
4
)
1− 3ε
4 |ω¯(x¯′ + y¯ − z¯)|
3(1− ε
2
)
2(1− 3
4
ε)


2− 3
2
ε
3− 3
2
ε
≤ (16π
3ε2
)
1
6−3ε (
8π
ε
)
1
2
√∫
|∇¯∇¯ω¯(x¯)|2d3x
√∫
d3x|ω¯(x¯)|2+ε|ω¯(x¯)|
·

∫ d3z|∇¯ω¯|
3(1− ε
2
4 )
1− 3
4
ε |ω¯(z¯)|
3(1− ε2 )
2(1− 3
4
ε)


1
3
1− 3
4
ε
1− ε2
≤ 629.2(
∫
|∇¯∇¯ω¯(x¯)|2d3x) 12 (
∫
|∇¯ω¯(x¯)|3+εd3x)
1
3
1+ ε
2
1+ ε3 (
∫
|∇¯ω¯(x¯)|2d3x)
1
8
1+ε
1+ ε3 (
∫
|ω|2(x¯)d3x)
1
8
1− ε
3
1+ ε3
(
∫
|∇¯∇¯ω¯(x¯)|2d3x)
1
4
1+ 3
2
ε−
ε
2
6
1− 7
6
ε+5ε
2
18
1− 5
6
ε
1− ε
2 (
∫
|∇¯ω¯(x¯)|3+εd3x)
1
6
1− 5
2
ε+ ε
2
2
1− 7
6
ε+5ε
2
18
1− 5
6
ε
1− ε
2 (
∫
|∇¯ω¯|2(x¯)d3x) 14
≤ 1.1 · 103(
∫
|∇¯∇¯ω¯(x¯)|2d3x+ 1)(
∫
|∇¯ω¯(x¯)|3+εd3x+ 1)(
∫
|∇¯ω¯(x¯)|2d3x+ 1)(N + 1).
The third integral on the right hand side of the equation (27) can be evalu-
ated as∫ ∫
|y|>1
|∇¯ω¯(x¯)|2+ε|ω¯(x¯)| |∇¯∇¯ω¯(x¯+ y¯)||y|2 d
3xd3y (32)
13
≤
∫
d3x|∇¯ω¯(x¯)|3+ε|ω¯(x¯)|
√∫
d3y|∇¯∇¯ω¯(x¯+ y¯)|2d3y
√∫
|y|>1
d3y
|y|4
≤
√
4π
√∫
d3y|∇¯∇¯ω¯(y¯)|2
∫
d3x|∇¯ω¯(x¯)|2+ε|ω¯(x¯)|
≤
√
4π
√∫
d3x|∇¯∇¯ω¯(x¯)|2(
∫
d3x|∇¯ω¯(x¯)|3+ε) 2+ε3+ε (
∫
d3x|ω¯(x¯)|3+ε) 13+ε
≤
√
4π
√∫
d3x|∇¯∇¯ω¯(x¯)|2(
∫
d3x|∇¯ω¯(x¯)|3+ε) 2+ε3+ε (
∫
d3x|ω¯(x¯)|6) 1+ε4(3+ε) (
∫
d3x|ω|2(x¯)) 3−ε4(3+ε)
≤
√
4π
√∫
d3x|∇¯∇¯ω¯(x¯)|2(
∫
d3x|∇¯ω¯(x¯)|3+ε) 2+ε3+ε (
∫
d3x|∇¯ω¯(x¯)|2)
1+ε
4(1+ ε
3
) (
∫
d3x|ω¯(x¯)|2) 3−ε4(3+ε)
≤
√
4π
√∫
d3x|∇¯∇¯ω¯(x¯)|2(
∫
d3x|∇¯ω¯(x¯)|3+ε) 2+ε3+ε (
∫
d3x|∇¯ω¯(x¯)|2)
1+ε
4(1+ ε
3
) (
∫
d3x|ω¯(x¯)|2) 3−ε4(3+ε)
≤
√
4π(
∫
d3x|∇¯∇¯ω¯|2(x¯) + 1)(
∫
d3x|∇¯ω¯(x¯)|3+ε + 1)(
∫
d3x|∇¯ω¯(x¯)|2 + 1)(
∫
d3x|ω¯(x¯)|2 + 1).
The fourth integral in (27) can be estimated as
∫ ∫
|y|≤1
d3xd3y|∇¯ω¯(x¯)|2+ε|ω¯(x¯+ y¯)| |∇¯∇¯ω¯(x¯)||y|2 (33)
=
∫
d3x|∇¯∇¯ω¯(x¯)||∇¯ω¯(x¯)|2+ε(
∫
|y|≤1
d3y
|ω¯(x¯+ y¯)|
|y|2 )
≤
∫
d3x|∇¯∇¯ω¯(x¯)||∇¯ω¯(x¯)|2+ε(
∫
d3y|ω¯(x¯+ y¯)|6) 16 (
∫
|y|≤1
d3y
|y| 125
)
5
6
≤ ν
25
∫
d3x|∇¯∇¯ω¯(x¯)|2|∇¯ω¯(x¯)|1+ε + 25
4ν
(
20π
3
)
5
3
∫
d3x|∇¯ω¯(x¯)|3+ε(
∫
d3y|∇¯ω¯(y¯)|2)
≤ ν
25
∫
d3x|∇¯∇¯ω¯(x¯)|2|∇¯ω¯(x¯)|1+ε + 25
4ν
(
20π
3
)
5
3
∫
d3x|∇¯ω¯(x¯)|3+ε
∫
d3y|∇¯ω¯(y¯)|2.
The fifth integral in (27) can be estimated as
∫
d3x
∫
|y|>1
d3y|∇¯ω¯(x¯)|2+ε|ω¯(x¯+ y¯)| |∇¯∇¯ω¯(x¯)||y|2 ≤ (34)
≤
∫
d3x|∇¯ω¯(x¯)|2+ε|∇¯∇¯ω¯(x¯)|
∫
d3y
|ω¯(x¯+ y¯)|
|y|2 ≤
≤ ν
25
∫
d3x|∇¯∇¯ω¯(x¯)|2|∇¯ω¯(x¯)|1+ε + 25π
ν
∫
d3x|∇¯ω¯(x¯)|3+ε(
∫
d3y|ω¯(x¯+ y¯)|2)
≤ ν
25
∫
d3x|∇¯∇¯ω¯(x¯)|2|∇¯ω¯(x¯)|1+ε + 25π
ν
∫
d3x|∇¯ω¯(x¯)|3+ε(
∫
d3y|ω¯(y¯)|2).
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Putting all the estimates together we obtain
1
3 + ε
∂t
∫
|∇¯ω¯(x¯)|3+εd3x ≤ (35)
≤ 240π
∫
|∇¯ω¯(x¯)|3+εd3x(
∫
|∇¯∇¯ω¯(x¯)|2d3x+ 1)
+12
√
12π
∫
d3x|∇¯ω¯(x¯)|3+ε(
∫
d3y|∇¯ω¯(x¯+ y¯)|2 + 1) +
+6.6 · 103
√
3(
∫
|∇¯∇¯ω¯(x¯)|2d3x+ 1)
∫
|∇¯ω¯(x¯)|3+εd3x(
∫
|∇¯ω¯(x¯)|2d3x+ 1)(N + 1) +
+6
√
12π(
∫
|∇¯∇¯ω¯(x¯)|2d3x+ 1)
∫
|∇¯ω¯(x¯)|3+εd3x(
∫
|∇¯ω¯(x¯)|2d3x+ 1)(N + 1) +
+
150
√
3
4ν
(
20π
3
)
5
3
∫
|∇¯ω¯(x¯)|3+εd3x
∫
|∇¯ω¯(x¯)|2d3x+
+
150
√
3π
ν
∫
|∇¯ω¯(x¯)|3+εd3x(
∫
|ω¯(y¯)|2d3y)
+(6.6 · 103
√
3 + 6
√
12π)(
∫
d3x|∇¯∇¯ω¯(x¯)|2 + 1)(
∫
d3x|∇¯ω¯(x¯)|2 + 1)(N + 1).
Estimating the right hand side of (35) from above and integrating over t we
obtain∫
|∇¯ω¯(x¯)|3+εd3x(t2) ≤ (36)
≤
(∫
|∇¯ω¯(x¯)|3+εd3x(t1)+
+3.55 · 104(N + 1)(maxt∈[t1,t2](
∫
|∇¯ω¯(x¯)|2d3x(t) + 1)(
∫ t2
t1
dt
∫
|∇¯∇¯ω¯(x¯)|2d3x(t) + t2 − t1)
)
·exp
(
2.48 · 103
ν
C(t1, t2)+
+(2.28 · 103 + 3.55 · 104(N + 1)(maxt∈[t1,t2]
∫
|∇¯ω¯(x¯)|2d3x+ 1))
∫ t2
t1
dt
∫
|∇¯∇¯ω¯(x¯)|2d3x +
+(3.58 · 104 + 3.55 · 104N + 3.376 · 10
4
ν
)maxt∈[t1,t2]
∫
|∇¯ω¯(x¯)|2d3x(t2 − t1)+
+(3.58 · 104 + 3.55 · 104N)(t2 − t1)
)
≤ (
∫
|∇¯ω¯(x¯)|3+εd3x(t1) + 1)
exp
(
2.48 · 103
ν
C(t1, t2) + 3.58 · 104(N + 1)(t2 − t1)+
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+3.78 · 104(1 +
∫
|∇¯ω¯(x¯)|2d3x(t1))2(N + 1 + 1
ν
)(t2 − t1 + 1.945
ν
)
×exp
(
2.45 · 105 (t2 − t1)
ν
+
180
ν
C(t1, t2) +
7.294 · 107
ν
e4.22N
1
2 (t2−t1)×
(
1 +
3.99 · 1026
ν4.02
N2.01C(t1, t2) +
3.562 · 105
ν
N
1
2C(t1, t2) + 1.7 · 105N
ν
+ 0.371 · 105(t2 − t1)
+1.066N
1
2 (t2 − t1) + |ω|(2+
2
3
ε)(1−α)
2+ 2
3
ε
(t1)
)5))
Part 5: Taking the scalar product of |ω(x¯)|n−2ω¯(x¯) with the Navier-
Stokes equation for ω and integrating over the whole space we obtain
1
n
∂t
∫
|ω(x¯)|nd3x− ν
∫
|ω(x¯)|n−2ω¯(x¯) ·∆ω¯(x¯)d3x = (37)
=
3
4π
∫
(
∫
|y|≤|ω|−12
+
∫
|y|>|ω|−12
)(|ω|n−2(x¯)ω¯(x¯) · yˆ)(ω¯(x¯)× ω¯(x¯+ y¯) · yˆ)d
3xd3y
|y|3 .
We rewrite the absolute value of the integral over |y| ≤ |ω¯|−12 on the right
hand side of (37) as∣∣∣∣∣
∫
d3x
∫
|y|≤|ω|−12
d3y(|ω|n−2(x¯)ω¯(x¯) · yˆ)(ω¯(x¯)× (ω¯(x¯+ y¯)− ω¯(x¯)) · yˆ) 1|y|3
∣∣∣∣∣ (38)
≤ 3
√
6
∫
d3x
∫
|y|≤|ω|−12
d3y
∫ 1
0
ds|ω¯(x¯)|n |∇¯ω¯(x¯+ sy¯)||y|2
≤ 3
√
6
(
4π(2 + ε)
ε
) 2+ε
3+ε
∫
d3x|ω¯(x¯)|n
∫ 1
0
ds
(∫
|y|≤|ω|−12
d3y|∇¯ω¯(x¯+ sy¯)|3+ε
) 1
3+ε
≤ 3
√
6
(
4π(2 + ε)
ε
) 2+ε
3+ε
∫
d3x|ω¯(x¯)|n
∫ 1
0
ds
s
3
3+ε
(
∫
|z|≤s|ω|−12
d3z|∇¯ω¯(x¯+ z¯)|3+ε) 13+ε
≤ 3
√
6
3 + ε
ε
(
4π(2 + ε)
ε
) 2+ε
3+ε
∫
d3x|ω¯(x¯)|n(
∫
|∇¯ω¯(x¯)|3+εd3x) 13+ε
≤ 3
√
6(3 + ε)
ε
(
4π(2 + ε)
ε
) 2+ε
3+ε
∫
|ω¯(x¯)|nd3x(
∫
|∇¯ω¯(x¯)|3+εd3x) 13+ε
≤ 4.2 · 105
∫
|ω¯(x¯)|nd3x
(∫
|∇¯ω¯(x¯)|3+εd3x
) 1
3+ε
.
The absolute value of the integral over |y| > |ω¯|−12 can be estimated as
3
√
2
∫
d3x|ω¯(x¯)|n
∫
|y|>|ω|−12
|ω¯(x¯+ y¯)|
|y|3 ≤ 3
√
8πN2
∫
d3x|ω¯(x¯)|n. (39)
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Therefore we obtain from (37) that
1
n
∂t
∫
|ω|n(x¯)d3x ≤ 1.1 · 105(N2 + 1)
∫
|ω|n(x¯)d3x maxt∈[t1,t2]
(∫
|∇¯ω¯(x¯)|3+εd3x(t) + 1
)
(40)
We obtain that
ln
∫
|ω|n(x¯)d3x(t2) ≤ ln
∫
|ω|n(x¯)d3x(t1) + (41)
+1.1 · 105n(N2 + 1)(t2 − t1) maxt∈[t1,t2]
(∫
|∇¯ω¯(x¯)|3+εd3x(t) + 1
)
Therefore∫
|ω|n(x¯)d3x(t2) ≤
∫
|ω|n(x¯)d3x(t1) (42)
exp
(
1.1 · 105n(N2 + 1)(t2 − t1)maxt∈[t1,t2]
(
|∇¯ω¯|3+ε3+ε(t) + 1
))
This implies
|ω|n(t2) ≤ |ω|n(t1) exp
(
1.1 · 105(N2 + 1)(t2 − t1)maxt∈[t1,t2]
(
|∇¯ω¯|3+ε3+ε(t) + 1
))
Taking the limit n→∞ we obtain
|ω|∞(t2) ≤ |ω|∞(t1) exp
(
1.1 · 105(N2 + 1)(t2 − t1) maxt∈[t1,t2]
(
|∇¯ω¯|3+ε3+ε(t) + 1
))
(43)
≤ |ω|∞(t1)exp
(
1.1 · 105(N2 + 1)(t2 − t1)(|∇¯ω¯|3.013.01(t1) + 2)×
×exp
(
2.48 · 103
ν
C(t1, t2) + 3.58 · 104(N + 1)(t2 − t1)+
+3.78 · 104(1 + |∇¯ω¯|22(t1))2(N + 1 +
1
ν
)(t2 − t1 + 1.945
ν
)
×exp
(
2.45 · 105 (t2 − t1)
ν
+
180
ν
C(t1, t2) +
7.294 · 107
ν
e4.22N
1
2 (t2−t1)×
×
(
1 +
3.99 · 1026
ν4.02
N2.01C(t1, t2) +
3.562 · 105
ν
N
1
2C(t1, t2) + 1.7 · 105N
ν
+
+0.371 · 105(t2 − t1) + 1.066N
1
2 (t2 − t1) + |∇¯ω¯|0.761533.01 (t1)
)5)))
.
As a result we obtain that if |ω|2(t) ≤ N for t ∈ [0, T − δN ], then for
δ ∈ (0, T − δN )
|ω|∞(t) ≤ |ω|∞(δ) exp
(
1.1 · 105(N2 + 1)t maxt∈[δ,T−δN ]
(
|∇¯ω¯|3+ε3+ε(t) + 1
))
(44)
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≤ |ω|∞(δ)exp
(
1.1 · 105(N2 + 1)t(|∇¯ω¯|3.013.01(δ) + 2)×
×exp
(
2.48 · 103
ν
C(t) + 3.58 · 104(N + 1)t+
+3.78 · 104(1 + |∇¯ω¯|22(δ))2(N + 1 +
1
ν
)(t+
1.945
ν
)
exp
(
2.45 · 105 t
ν
+
180
ν
C(t) +
7.294 · 107
ν
e4.22N
1
2 t
×
(
1 +
3.99 · 1026
ν4.02
N2.01C(t) +
3.562 · 105
ν
N
1
2C(t) + 1.7 · 105N
ν
)+
+0.371 · 105t+ 1.066N 12 t+ |∇¯ω¯|0.761533.01 (δ)
)5)))
.
Now we shall improve the estimate on |ω|∞(t).
Proof of Theorem 2.
Part 1: Suppose first that there exists n0 such that for all n > n0, |ω|n(t) ≥
ee for all t ∈ [t1, t2]. Let n > n0.
As in the derivation of (37) we obtain
1
n
∂t
∫
|ω|nd3x− ν
∫
∇¯[|ω|n−2(x¯)ω¯(x¯)](∇¯ω¯(x¯))d3x (45)
=
3
4π
∫ ∫
[|ω|n−2(x¯)ω¯(x¯) · yˆ][ω¯(x¯)× ω¯(x¯+ y¯) · yˆ]d
3xd3y
|y|3 .
Since we know from the Theorem 1 that |ω|∞(t) <∞ for all t ∈ [t1, t2], we
can estimate the right hand side of (45) as follows
1
n
∂t
∫
|ω|nd3x ≤ 9
√
6
4π
∫ 1
0
ds
∫
|ω|n(x¯)d3x
∫
|y|≤min(|ω|−1∞ ,1)
|∇¯ω¯|(x¯+ sy¯)
|y|2 d
3y
+
9
√
2
4π
∫
|ω|n(x¯)d3x
∫
1>|y|≥min(|ω|−1∞ ,1)
|ω|(x¯+ y¯)
|y|3 d
3y +
9
√
2
4π
∫
|ω|n(x¯)d3x
∫
|y|≥1
|ω|(x¯+ y¯)
|y|3 d
3y.
Therefore
1
n
∂t
∫
|ω|n(x¯)d3x ≤ 9
√
6
3 + ε
4πε
(
4π(2 + ε)
ε
) 2+ε
3+ε
∫
|ω|n(x¯)d3x(
∫
|∇¯ω¯(x¯)|3+εd3x) 13+ε +
+9
√
2|ω|∞(t)ln(max(|ω|∞(t), 1))
∫
|ω|n(x¯)d3x+ 3
√
3N
2π
∫
|ω|n(x¯)d3x.
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1n
∂t
∫
|ω|n(x¯)d3x ≤
∫
|ω|n(x¯)d3x ·
·
(
12.78|ω|∞(t)ln(max(|ω|∞(t), 1)) + 1.1 · 105|∇¯ω¯|3+ε(t) + 2.07
√
N
)
.
∂t
∫ |ω|n(x¯)d3x∫ |ω|n(x¯)d3x ≤ n
(
12.78|ω|∞(t)ln(max|ω|∞(t), 1)) + 1.1 · 105|∇¯ω¯|3+ε(t) + 2.07
√
N
)
.
∂tln
∫
|ω|n(x¯)d3x ≤ n
(
12.78|ω|∞(t)ln(max(|ω|∞(t), 1)) + 1.1 · 105|∇¯ω¯|3+ε(t) + 2.07
√
N
)
.
∂tln
∫ |ω|n(x¯)d3x
ln
∫ |ω|n(x¯)d3x ≤
n
(
12.78|ω|∞(t)ln(max(|ω|∞(t), 1)) + 1.1 · 105|∇¯ω¯|3+ε(t) + 2.07
√
N
)
ln
∫ |ω|n(x¯)d3x
∂tln ln
∫ |ω|n(x¯)d3x
ln ln
∫ |ω|n(x¯)d3x ≤
n
(
12.78|ω|∞(t)ln(max(|ω|∞(t), 1)) + 1.1 · 105|∇¯ω¯|3+ε(t) + 2.07
√
N
)
ln
∫ |ω|n(x¯)d3x ln ln ∫ |ω|n(x¯)d3x
∂tln ln ln
∫
|ω|n(x¯)d3x ≤
n
(
12.78|ω|∞(t)ln(max(|ω|∞(t), 1)) + 1.1 · 105|∇¯ω¯|3+ε(t) + 2.07
√
N
)
nln((
∫ |ω|n(x¯)d3x) 1n )ln(nln(∫ |ω|n(x¯)d3x) 1n )
∂tln ln ln
∫
|ω|n(x¯)d3x ≤ 12.78|ω|∞(t)ln(max(|ω|∞(t), 1)) + 1.1 · 10
5|∇¯ω¯|3+ε(t) + 2.07
√
N
ln|ω|n(t)(lnn+ lnln|ω|n(t))
Below we consider n satisfying the following condition
lnn > maxt∈[t1,t2]
(
12.78|ω|∞(t)ln(max(|ω|∞(t), 1)) + 1.1 · 105|∇¯ω¯|3+ε(t) + 2.07
√
N
)
, (46)
in fact, we shall consider even larger n, because instead of |ω|∞(t) we shall
use the estimate (44)
|ω|∞(t) ≤ |ω|∞(t1)exp
(
1.1 · 105(N2 + 1)(t2 − t1)maxt∈[t1,t2]
(
|∇¯ω¯|3+ε3+ε(t) + 1
))
,
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and instead of |∇¯ω¯|3+ε3+ε we shall use (36)∫
|∇¯ω¯(x¯)|3+εd3x(t) ≤ (
∫
|∇¯ω¯(x¯)|3+εd3x(t1) + 1)×
×exp
(
2.48 · 103
ν
C(t1, t2) + 3.58 · 104(N + 1)(t2 − t1)+
+3.78 · 104(1 +
∫
|∇¯ω¯(x¯)|2d3x(t1))2(N + 1 + 1
ν
)(t2 − t1 + 1.945
ν
)
×exp
(
2.45 · 105
ν
(t2 − t1) + 180
ν
C(t1, t2) +
7.294 · 107
ν2
e4.22N
1
2 (t2−t1)×
(
1 +
3.99 · 1026
ν4.02
N2.01C(t1, t2) +
3.562 · 105
ν
N
1
2C(t1, t2) + 1.7 · 105N
ν
+
+0.371 · 105(t2 − t1) + 1.066N
1
2 (t2 − t1) + |ω|0.761536.02
3
(t1)
)5))
.
Therefore consider n such that
lnn ≥ 2.07
√
N + 12.78(|ω|∞(t1) + 1)(|ln(|ω|∞(t1))|+ 1)× (47)
×exp
(
2.2 · 105(N2 + 1)(t2 − t1 + 1)(|∇¯ω¯(x¯)|3+ε3+ε(t1) + 1)
× exp
(
2.48 · 103
ν
C(t1, t2) + 3.58 · 104(N + 1)(t2 − t1)+
+3.78 · 104(1 + |∇¯ω¯|22(t1))2(N + 1 +
1
ν
)(t2 − t1 + 1.945
ν
)
exp
(
2.45 · 105 (t2 − t1)
ν
+
180
ν
C(t1, t2) +
7.294 · 107
ν2
e4.22N
1
2 (t2−t1)
+
(
1 +
3.99 · 1026
ν4.02
N2.01C(t1, t2) +
3.562 · 105
ν
N
1
2C(t1, t2) + 1.7 · 105N
ν
+
+0.371 · 105(t2 − t1) + 1.066N
1
2 (t2 − t1) + |∇¯ω¯|0.761533+ε (t1)
)5)))
For n satisfying (47) we have that
∂tln ln ln
∫
|ω|n(x¯)d3x ≤ 1. (48)
After integrating we obtain
ln ln ln
∫
|ω|n(x¯, t)d3x ≤ t− t1 + ln ln ln
∫
|ω|n(x¯, t1)d3x. (49)
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Therefore we obtain∫
|ω|n(x¯, t)d3x ≤ eee
t−t1
∫
|ω|n(x¯, t1)d3x on t ∈ [t1, t2]. (50)
Therefore we obtain that for all n satisfying (47)
|ω|n(t) ≤ e
1
n
ee
(
t−t1) |ω|n(t1) ≤ e
1
n
ee
(
t−t1) |ω|∞(t1) for t ∈ [t1, t2]. (51)
Taking n→∞ we obtain that
|ω|∞(t) ≤ |ω|∞(t1) for t ∈ [t1, t2]. (52)
Part 2: Suppose now that there exists n0 > 0 such that for all n > n0,
|ω|n(t) is a continuous function of t for all t ∈ [t1, t2]. Fix n > n0 such that
the condition (47) is satisfied.
Suppose |ω|n(t1) ≥ ee. By continuity of |ω|n(t) we obtain that there
exists a set consisting of a union of open intervals ∪jIj such that on each
interval Ij , |ω|n(t) < ee for all t ∈ Ij. Let (∪jIj)c = ∪kI ′k, where each interval
I ′k = [t
′
1k
, t′2k ] is such that |ω|n(t) ≥ ee for all t ∈ I ′k and |ω|n(t′1k) = ee for
k > 1 and |ω|n(t′1k) = |ω|n(t1) for k = 1.
Then by formula (51) we obtain on each interval I ′k
|ω|n(t) ≤ e
1
n
ee
t
′
2
k
−t
′
1
k
ee for k > 1. (53)
For the first interval I ′1 = [t1, t
′
21 ] we obtain that
|ω|n(t) ≤ e
1
n
ee
t
′
21
−t1
|ω|n(t1). (54)
Therefore
|ω|n(t) ≤ e
1
n
ee
t2−t1 |ω|n(t1) for all t ∈ [t1, t2]. (55)
Suppose |ω|n(t1) < ee. By continuity of |ω|n(t) we obtain that there
exists a set consisting of a union of open intervals ∪jIj such that on each
interval Ij , |ω|n(t) < ee for all t ∈ Ij. Let (∪jIj)c = ∪kI ′k where each interval
I ′k = [t
′
1k
, t′2k ] is such that |ω|n(t) ≥ ee for all t ∈ [t′1k , t′2k ] and |ω|n(t′1k) = ee.
Then by formula (51) we obtain that on each interval I ′k
|ω|n(t) ≤ e
1
n
ee
t
′
2
k
−t
′
1
k |ω|n(t′1k) for all t ∈ [t′1k , t′2k ]. (56)
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Therefore if |ω|n(t1) < ee we obtain
|ω|n(t) ≤ e
1
n
ee
t2−t1
ee for all t ∈ [t1, t2]. (57)
Therefore for every n satisfying the condition (47) we obtain that
|ω|n(t) ≤ e
1
n
ee
t−t1
max(|ω|n(t1), ee) ≤ e
1
n
ee
t−t1
max(|ω|∞(t1), ee), for t ∈ [t1, t2]. (58)
Taking the limit n→∞ we obtain that
|ω|∞(t) ≤ max(|ω|∞(t1), ee) for all t ∈ [t1, t2]. (59)
Proof of Theorem 3.
Theorem 3: Suppose |ω|∞(0) < ∞. Then for any T > 0 there ex-
ists a unique solution of the 3D Navier Stokes Equation on [0, T ] such that
|ω|∞(t) ≤ max(|ω|∞(δ), ee) <∞ for t ∈ [0, T ] with δ = ν2C|ω|2
∞
(0)
, (where C
is a constant independent of ω, ν, etc.)
Proof: First we shall construct an argument to show that if certain
assumptions on ω hold then the solution is bounded. This argument will be
used below.
Suppose we have that |ω|∞(0) < ∞. Then by the Local Existence and
Uniqueness Theorem (see Theorem 4.2 in [Ku], where we take p = 2 and
M2p = |ω|∞(0)) there exists t0 = ν2C|ω|2
∞
(0) such that for t ∈ [0, t0], we have
that there exists a unique solution such that |ω|2(t) < ∞ and also by the
analyticity results in the same theorem we know that for all δ ∈ (0, t0],
|ω|∞(δ) < ∞, |ω|3+ε(δ) < ∞, |∇¯ω¯|2(δ) < ∞, |∇¯ω¯|3+ε(δ) < ∞. Let δ = t0.
Assume that |ω|2(t) → ∞ as t → T and |ω|2(t) < ∞ for t ∈ [0, T ). Also
assume that for all n large enough (n satisfying (47) with t1 = δ), |ω|n(t)
is continuous as a function of t for all t ∈ [0, T ). Then for any N > N0
(for sufficiently large N0) there exists δN > 0 such that |ω|2(t) ≤ N , for
all t ∈ [0, T − δN ]. Then by Theorem 1 and Theorem 2 we obtain that
|ω|2(t) ≤ |ω|∞(t) ≤ max(|ω|∞(δ), ee) for t ∈ [δ, T − δN ]. By taking N →∞
we obtain that |ω|2(t) ≤ |ω|∞(t) ≤ max(|ω|∞(δ), ee) for t ∈ [δ, T ). By
Local Existence and Uniqueness Theorem (see Theorem 4.2 in [Ku]), we
obtain that there exists t0 > 0 such that there exists a unique solution on
t ∈ [T− t02 , T+ t02 ] that is continuous and analytic and such that |ω|∞(t) <∞
for t ∈ [T − t02 , T + t02 ] and then by Theorem 1 and Theorem 2 we obtain
that
|ω|2(t) ≤ |ω|∞(t) ≤ max(|ω|∞(δ), ee) for t ∈ [δ, T + t0
2
]. (60)
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Thus we showed that if certain assumptions on ω hold then for any T > 0
the solution ω¯(x¯, t) is finite for all x¯ ∈ R3 and t ∈ [0, T ].
To show existence and uniqueness of a solution on [0, T ], we shall repeat-
edly use the Local Existence Uniqueness Theorem (Theorem 4.2 in [Ku]).
Since |ω|∞(0) < ∞ there exits t0 > 0 given by t0 = ν2C|ω|2
∞
(0)
such that
there exists a unique solution of 3D Navier Stokes Equations that is contin-
uous and analytic on [0, t0]. Let δ = t0, then |ω|∞(δ) <∞, |∇¯ω¯|3+ε(δ) <∞.
Now let t′0 =
ν
2Cmax(|ω|2
∞
(δ),e2e) and consider t ∈ [δ, δ+t′0]. Using ω¯(x¯, δ) as
the initial condition, we obtain that by the Local Existence and Uniqueness
results there exists a unique solution which is continuous and analytic for
t ∈ [δ, δ + t′0]. By Theorem 1, Theorem 2 and arguments above we obtain
that |ω|2(t) ≤ |ω|∞(t) ≤ max(|ω|∞(δ), ee) for all t ∈ [δ, δ + t′0].
Repeating this argument k times, we obtain that for t ∈ [δ+(k−1)t′0, δ+
kt′0] there exists a unique solution of the 3D Navier Stokes Equation such
that |ω|2(t) ≤ max(|ω|∞(δ+(k−1)t′0), ee) ≤ max(|ω|∞(δ), ee) and |ω|∞(t) ≤
max(|ω|∞(δ + (k − 1)t′0), ee) ≤ max(|ω|∞(δ), ee).
For any T > 0, we can continue this argument up to k such that k ≥ T
t′0
, to
obtain that there exists a unique solution of the 3D Navier Stokes Equation
on [0, T ] such that,
|ω|2(t) ≤ max(|ω|∞(δ), ee) and |ω|∞(t) ≤ max(|ω|∞(δ), ee) for t ∈ [δ, T ].(61)
Proof of Theorem 4.
Theorem 4: Suppose that |ω|4(0) < ∞. Then for any T > 0 there
exists a unique solution of the 3D Navier Stokes Equation on [0, T ].
Proof: First we construct the argument that shows that if certain as-
sumptions on ω hold, then the solution remains bounded. This argument is
used later in the proof.
Suppose we have that |ω|4(0) < ∞. Then by the Local Existence and
Uniqueness Theorem (Theorem 4.2 in [Ku]) there exists t′0 =
ν
2C|ω|24(0)
such
that for t ∈ [0, t′0], there exists a unique solution which is continuous on
(0, t′0]. Therefore |ω|2(t) < ∞ for t ∈ [0, t′0]. In addition, by analyticity
results in Theorem 4.2 of [Ku] we obtain that for any δ ∈ (0, t′0], |ω|∞(δ) <
∞, and also we have that |ω|3.01(δ) < ∞ and |∇¯ω¯|3.01(δ) < ∞. Suppose
that δ = t′0.
Suppose that for some T > 0, |ω|2(t) →t→T ∞, but |ω|2(t) < ∞ for
t ∈ [0, T ). (By the argument above we know that T > t′0). Suppose also
that there exists n0 (satisfying (47) with t1 = δ) such that for all n > n0,
|ω|n(t) is a continuous function of t for all t ∈ [0, T ). For any N > N0
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(for a sufficiently large N0), there exists δN > 0 such that |ω|2(t) ≤ N ,
for all t ∈ [δ, T − δN ]. Then by Theorem 1, Theorem 2 and taking the
limit N → ∞, we obtain that |ω|2(t) ≤ |ω|∞(t) ≤ max(|ω|∞(δ), ee) for all
t ∈ [δ, T ). By the Local Existence and Uniqueness Theorem (Theorem 4.2
in [Ku]) there exists t′′0 > 0 such that there exists a unique solution which is
continuous and analytic on [T − t′′02 , T +
t′′0
2 ]. Thus for any T > 0 we obtain
that |ω|2(t) ≤ |ω|∞(t) ≤ max(|ω|∞(δ), ee) for t ∈ [δ, T ].
To show existence and uniqueness on [0, T ], we shall repeatedly use the
Local Existence Uniqueness Theorem. Consider ω¯(x¯, δ) as the initial con-
dition. Then there exists t′′0 =
ν
2Cmax(|ω|2
∞
(δ),e2e)
such that there exists a
unique solution which is continuous and analytic on [δ, t′′0 ]. By Theorem
1, Theorem 2 and the arguments above we have that |ω|2(t) ≤ |ω|∞(t) ≤
max(|ω|∞(δ), ee) for t ∈ [δ, t′′0 ]. Let t ∈ [t′′0 , 2t′′0 ]. Then by the Local Existence
and Uniqueness Theorem (see Theorem 4.2 in [Ku]) there exists a unique
solution which is continuous and analytic on [t′′0 , 2t
′′
0 ]. By Theorem 1, The-
orem 2 and the arguments above this solution satisfies |ω|2(t) ≤ |ω|∞(t) ≤
max(|ω|∞(t′′0), ee) ≤ max(|ω|∞(δ), ee). Repeating the argument k times we
obtain that there exists a unique solution which is continuous and analytic
on [(k− 1)t′′0 , kt′′0 ], such that |ω|2(t) ≤ |ω|∞(t) ≤ max(|ω|∞((k − 1)t′′0), ee) ≤
max(|ω|∞(δ), ee) for t ∈ [(k − 1)t′′0 , kt′′0 ]. Thus for any T > 0, letting k ≥ Tt′′0
we obtain that there exists a unique solution of 3D Navier Stokes Equations
on [0, T ] such that |ω|2(t) ≤ |ω|∞(t) ≤ max(|ω|∞(δ), ee) for t ∈ [0, T ].
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